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We introduce perfect cones over topological spaces and study their connection with 
absolute B\ -retracts. 


1 Introduction 

A subset E of a topological space X is a retract of X if there exists a continuous 
mapping r : X — >• E such that r(x) = x for all x £ E. Different modifications 
of this notion in which r is allowed to be discontinuous (in particular, almost 
continuous or a Darboux function) were considered in ®mmm- The author 
introduced in [5] the notion of 2?!-retract, i.e. a subspace E of X for which 
there exists a Baire-one mapping r : X —> E with r(x) = x on E. Moreover, 
the following two results were obtained in jSj. 

Theorem 1.1. Let X be a normal space and E be an arcwise connected and 
locally arcwise connected metrizable F a - and Gs-subspace of X. If 

(i) E is separable, or 

(ii) X is collectionwise normal, 
then E is a B\-retract of X. 

Theorem 1.2. Let X be a completely metrizable space and let E be an arcwise 
connected and locally arcwise connected Gs-subspace of X. Then E is a B\- 
retract of X. 

Note that in the above mentioned results E is a locally arcwise connected 
space. Therefore, it is naturally to ask 

Question 1.3. Is any arcwise connected Gs-subspace E of a completely metriz¬ 
able space X a B\ -retract of this space ? 

In this work we introduce the notions of the perfect cone over a topological 
space and an absolute Bi-retract (see definitions in Section[2]). We show that the 
perfect cone over a u-compact metrizable zero-dimensional space is an absolute 
B i-retract. Moreover, we give the negative answer to Question 1 1.31 
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2 Preliminaries 


Throughout the paper, all topological spaces have no separation axioms if it is 
not specified. 

A mapping / : X —> Y is a Baire-one mapping if there exists a sequence of 
continuous mappings /„ : X —x T which converges to / pointwise on X. 

A subset E of a topological space X is called 

• a Bi-retract of X if there exists a sequence of continuous mappings r n : 
X —> E such that r n (x) —> r{x) for all x £ X and r(x) = x for all x £ E; 
the mapping r : X —> E is called a Bi-retraction of X onto E; 

OO 

• a a-retract of X if E = (J E n , where (E n )ff =1 is an increasing sequence 

n= 1 

of retracts of X; 

• ambiguous if it is simultaneously F a and G$ in X. 

A topological space X is 

• perfectly normal if it is normal and every closed subset of X is Gs', 

• an absolute B\-retract (in the class C of topological spaces) if X £ C and 
for any homeomorphism h, which maps X onto a G^-subset h(X) of a 
space Y £ C, the set h(X) is a B \-retract of Y; in this paper we will 
consider only the case C is the class of all perfectly normal spaces; 

• a space with the regular Gg-diagonal if there exists a sequence (G „)^ =1 of 
open neighborhoods of the diagonal A = {(x, a:) : x £ X} in X 2 such that 

OO OO 

a = n G n = n Gn; 

n =1 n =1 

• contractible if there exists a continuous mapping 7 :Ix[ 0 ,l]-)I and 
x* £ X such that j(x, 0) = x and 7 ( 2 :, 1) = x* for all x £ X\ the mapping 
7 we call a contraction. 

A family (A s : s £ S) of subsets of X is said to be a partition of X if 
X = (J A s and A s (~l A t = 0 for all s/f. 

sGS 

If a space X is homeomorphic to a space Y then we denote this fact by 
X ~ Y. 

For a mapping f : X xY Z an a point (x,y) £ X x Y let f x (y) = f y (x) = 

f{x,y)- 

3 Perfect cones and their properties 

The cone A(X) over a topological space X is the quotient space (X x [0,1])/(X x 
{0}) with the quotient mapping A : X x [0,1] —» A(X). By v we denote the 
vertex of the cone, i.e. v = X(X x {0}). We call the set A(X x {1}) the base of 
the cone. 
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Let X\ = (0,1) and A' 2 = [0,1]. Then A(X 2 ) is homeomorphic to a triangle 
T C [0, l] 2 , while A(A'i) is not even metrizable, since there is no countable base 
of neighborhoods at the cone vertex. Consequently, the naturally embedding of 
A(Ai) into A(X 2 ) is not a homeomorphism. Therefore, on the cone A(X) over 
a space X naturally appears one more topology T p which coincides with the 
quotient topology T on X x (0,1] and the base of neighborhoods of the vertex 
v forms the system {A(X x [0,e)) : e > 0}. The cone A(X) equipped with the 
topology T p is said to be perfect and is denoted by A p (X). 

For all x € X we write 

vx = A x ([0,1]). 

Obviously, 

A(X) = vx. 
xex 

It is easily seen that vxCwy = {v} for all distinct x, y G X and vx cs [0,1] for 
all x G X. 

For every y G A(X) \ {v} we set 

u(y) =P r x(AC 1 (2/)). (3.1) 

Obviously, a : A(X) \ {u} —>• X is continuous in both topologies T and T p . 

Let 

m = {(3.2) 

Then /3 : A p (X) —> [0,1] is a continuous function. Indeed, it is evident that /3 
is continuous on A p (X) \ {u}. Since 

/3- 1 ([0,e)) = A(Ax [0,e)) (3.3) 

for any e > 0, the set /3 _1 ([0,e)) is a neighborhood of v. Consequently, /3 is 
continuous at v. 

We observe that 

Ha{y),/3(y)) = y 

for all y G A(X) \ {v}. 

Remark 3.1. 1. The concept of the perfect cone over a separable metrizable 

space was also defined in [8j p. 55]. 

2. We observe that x X(x, 1) is a homeomorphism of X onto A(X, x{l}) C 
A P (X). Therefore, we can identify X with its image and consider X as a 
subspace of A P (X). 

3. In the light of the previous observation we may assume that the mapping 
a defined by formula (ED is a retraction. 

4. The system {/3 -1 ([0, £)):£> 0} is the base of neighborhoods of the vertex 
of the cone according to (13.31) . 
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Proposition 3.2. (cf. [5] p. 55]) The cone A(X) over a compact space X is 
perfect. 

Proof. Let W be an open neighborhood of v in A (A). Then for every x £ X 
there exist a neighborhood U x of x and 8 X > 0 such that A (U x x [0,<5 X )) C 
W. Choose a Hnite subcover (Ui,... ,U n ) of (U x : x £ X) and put e = 
minjdi,..., d ra }. Then A(A" x [0,e)) C W. Hence, A(X) is the perfect cone. □ 

Theorem 3.3. Let X be a topological space. 

1. If X is Hausdorff , then A p (X) is Hausdorff. 

2. If X is regular, then A P (X) is regular. 

3. If X is a countable regular space, then A p (X) is perfectly normal. 

4- A P (X) is contractible. 

5. If X is locally (arcwise) connected, then: a) A(A') is locally (arcwise) 
connected; b) A P (X) is locally (arcwise) connected. 

6. If X is metrizable, then A P (X) is metrizable. 

Proof. 1). Let x,y £ A P (X) and x y. Since A P (X) \ {?;} is homeomorphic to 
the Hausdorff space X x (0,1], it is sufficient to consider the case x = v or y = v. 
Assume that x = v and y / v. Then 0 = 0(x) < /3(y) < 1, where /3 is defined 
by formula (13.21) . Set O x = A(A x [0,j3(y)/2)) and O y = X(X x (/3(y)/2, 1 ]). 
Then O x and O y are disjoint neighborhoods of x and y in A P (A), respectively. 

2) . Fix y & Y and a closed set F C A P (X) such that y 0 F. Since X x (0,1] 
is regular, the case y ^ v and v fL F is obvious. 

Let y = v. Choose e > 0 such that F D X(X x [0,e)) = 0. Then U = 
A(A' x [0, e/2)) and V = A(A x (e/2,1]) are disjoint open neighborhoods of v 
and F in A p (X), respectively. 

Now let y v and v £ F. We take e > 0 such that O v = ^ _ 1 ([0,e)) is an 
open neighborhood of v with y O v . Moreover, since A P (X) \ {u} is regular, 
there exists an open neighborhood O y of y in A P (X) with O^flGC A P \F. 
Then U = O y \O v is an open neighborhood of y in A P (X) such that U HF = 0. 

3) . We observe that A P (X) is regular by the previous proposition. Moreover, 
Y is hereditarily Lindelof (and, consequently, normal) as the union of countably 
many homeomorphic copies of [0,1]. Hence, A P (X) is perfectly normal. 


4). For all y £ A p (X) and t £ [0,1] define 



(3.4) 


where a and /3 are defined by m and (13.21) . respectively. Then 7 (y, 0) = v and 
7 (y, 1) = y for all y £Y. Clearly, 7 is continuous on {Y \ {v}) x [0,1]. Let e > 0 
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and W = \{X x [0,e)) = /? 1 ([0,e)). Since /% {y,t)) =t-/3(y), 7 (W x [0,1]) C 
IT. Hence, 7 is continuous at each point of the set {f} x [0,1] = /3 - 1 (0). 

5a). Notice that the space A(A) \ {w} is locally (arcwise) connected, since 
it is homeomorphic to the locally (arcwise) connected space X x (0,1]. Let us 
check that A(A) is locally (arcwise) connected at v. Fix an open neighborhood 
W of v in A(X). Then V = A -1 (IT) is open in X x [0,1] and X x {0} C V. For 
every x £ X we denote by G x the (arcwise) component of V with (a:, 0) G G x . 
Then G x is open in A(A) \ {u} and, consequently, in A(A). Let G = (J G x . 

xex 

Then the set A (G) in open neighborhood of v such that A(G) C W. It remains 
to observe that A(G) is (arcwise) connected, since v G A(G X ) and A(G X ) is 
(arcwise) connected for all x G X. 

5b). Let £ > 0 and W = /3 _ 1 ([0, e)). Since each element of W can be joined 
by a segment with v, W is an arcwise connected neighborhood of v. 

6 ). Let g be a metric generating the topology of X with g < 1. For all 
x, y G X and s,t G [0,1] we set 

d(X(x, s), A (y, t)) = \t - s\ + min{s, t}g(x, y). 

Then d is a correctly defined, symmetric, nonnegative and nondegenerate map¬ 
ping of A P (X) x A P (X). Moreover, the triangle inequality is satisfied, i.e. 

d(\(x, s), A (z, u)) < d(\(x, s), A (y, t)) + d(A(y, t), A (z, u)) 

for all (x, s ), ( y , t), (z, u) G X x [0,1]. If t > min{s, u}, the inequality is obvious. 
Let t < nhn{s,u}. Without loss of generality, we may assume that t < u < s. 
Then the above inequality is equivalent to 

s — u + ug(x, z) < s — t + tg(x, y) + u — t + tg(y, z), 

i.e., 

g(x, z) < 2(1 -) + ~(g(x, y) + g(y , z)), 

u u 

which does hold since g(x, z) <2 and g(x, z) < g(x, y)+g(y, z ). Moreover, d gen¬ 
erates the topology of the perfect cone. It is obvious that the d-neighborhoods 
of v are the correct ones and the metric d on A(X x (0,1]) is equivalent to the 
summing metric inherited from X x (0,1]. □ 

A subset E of a topological vector space X is bounded if for any neighborhood 
of zero U there is such 7 > 0 that E C SU for all |<5| > 7 . 

Proposition 3.4. Let Z be a topological vector space and X C Z be a bounded 
set. Then A p (X) is embedded to Z x R. 

Proof. Consider the set C = {(xt,t) : x G X, t G [0,1]}. Let ip(x,t) = (xt,t) for 
all (x, f)Glx [0,1] and v* = (0, 0) G X x [0,1]. Then the restriction y>|xx(o,i] 
is a homeomorphism onto G \ {u*}. Moreover, the mapping /? : C —> [0,1], 
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(3{z,t) = t, is continuous. Therefore, /3 _1 ([0,e)) is an open neighborhood of v* 
in C for any e > 0. Now we show that the system {/3 _1 ([0, e)) : e > 0} is a base 
of v*. Take an open neighborhood of zero in Z, 5 > 0 and let W = U x (—S , 5). 
Choose e £ (0,5) such that tX C U for all t with |t| < e. Then for each 
y = ( z,t ) £ /3 -1 ([0,£)) we have \t\ < S and z £ tx C U. Consequently, 
/3 _1 ([0,£)) C W. Hence, C is homeomorphic to the perfect cone A P (X). □ 

The following result easily follows from [51 Theorem 1.5.9]. 

Corollary 3.5. The cone A p (X) over a finite Hausdorff space X is an absolute 
retract. 


4 Weak 5i-retracts 

A subset E oi & topological space X is called a weak Bi-retract of X if there 
exists a sequence of continuous mappings r n : X —>• E such that lim r n (x) = x 

n—foo 

for all x £ E. Clearly, every Hi-retract is a weak Hi-retract. The converse 
proposition is not true (see Example 14.71) . 

A space X is called an absolute weak B\-retract if for any space Y and for 
any homeomorphic embedding h : X —>• Y the set h(X) is a weak Hi-retract 
of Y. 

OO 

Let E = (J E n and let (r - „)^ =1 be a sequence of retractions r n : X —> E n . If 

n= 1 

the sequence (E n )™ =1 is increasing then lim r n (x) = x for every x £ E. Thus, 

n —>oo 

have proved the following fact. 

Proposition 4.1. Every o-retract of a topological space X is a weak B\-retract 
ofX. 

Proposition 4.2. Let X be a countable Hausdorff space. Then A p (X) is an 
absolute weak Bi-retract. 

Proof. Assume that A P (X) is a subspace of a topological space Z. Let X — 

OO 

{x n : n £ N} and X n = {aq,..., x n }. Then A P (X) = (J A p (X n ) and every 

n =1 

A p (X n ) is a retract of Z by Corollary 13.51 Then A P (X) is a weak Hi-retract of 
Z by Proposition l4.ll □ 

It was proved in [5] that a Hi-retract of a connected space is connected. It 
turns out that this is still valid for weak Hi-retracts. 

Theorem 4.3. Let X be a connected space. Then any weak Bi-retract E of X 
is connected. 

Proof. Let (r n )^L 1 be a sequence of continuous mappings r n : X —»• E such 

OO 

that lim r n (x) = x for all x £ E. Denote H = (J r n (X). We show that 

n->oo „ =1 

H is connected. Conversely, suppose that H = Hi U # 2 , where Hi and Hi 
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are disjoint sets which are closed in H. Observe that each set B n = r n (X) is 
connected. Then B n C H t or B n C H 2 . Choose an arbitrary x € Hi. Then 
there exists a number n\ such that r n (x ) G Hi for all n > ni. Hence, B n C Hi 
for all n > ni. Similarly, there exists a number n 2 such that B n C H 2 for all 
n > n 2 . Therefore, B n C Hi C\H 2 for all n > maxjrii, 712}, which is impossible. 

It is easy to see that H C E C H. Since H and H are connected, E is 
connected too. □ 

Lemma 4.4. Let X be a normal space, Y be a contractible space, (Ti )" =1 be a 
sequence of disjoint closed subsets of X and let gi : X —>• Y be a continuous map¬ 
ping for every 1 < i < n. Then there exists a continuous mapping g : X —> Y 
such that g(x) = gifx) on Fi for every 1 < i < n. 

Proof. Let y* G Y and 7 : Y X [0,1] —> Y be a continuous mapping such that 
7 (y, 0) = y and 7 (y, 1) = y* for all y G Y. For all x,y GY and t G [0,1] define 


h(x,y,t) = 


7 (^, 2 1 ), 


0 <t< 1/2, 


7(z/,—2f + 2), 1/2 < t < 1. 


Then the mapping h : Y xY x [0,1] —> Y is continuous, h(x,y, 0) = x and 
h{x,y, 1) =y. 

Let n = 2. By Urysohn’s Lemma there is a continuous function ip : X —>• [0,1] 
such that <p(x) = 0 on Fi and tp(x) = 1 on F 2 . For all x G X let 

g(x) = h{g 1 (x),g 2 (x),ip(x)). 

Clearly, g : X —>• Y is continuous and g(x) = gi{x) if x G Fi, and g[x) = g 2 {x) 
if x G F 2 . 

Assume the assertion of the lemma is true for k sets, where k = 1,... ,n — 1, 
and prove it for n sets. According to our assumption, there exists a continuous 
mapping g : X —> Y such that g\F, = gi for every i = 1,.. ,,n — 1. Since 

n —1 

the sets F = (J Fi and F n are closed and disjoint, there exists a continuous 

i —1 

mapping g : X —> Y such that g\p = g and g\F n = g n ■ Then g\p t = gi for every 
1 < i < n. □ 

Theorem 4.5. Let E be a contractible ambiguous weak Bi-retract of a normal 
space X. Then E is a Bi-retract of X. 

Proof. Let be a sequence of continuous mappings r n : X —» E such 

that lim r n (x) = x for all x G E. Choose increasing sequences (E n )ff =1 and 

n—> 00 

00 00 

(F n )^ =1 of closed subsets of X such that E = (J E n and X \ E = (J F n . 

n =1 n =1 

Fix x* G E. Then for every n G N by Lemma 14.41 there exists a continuous 
mapping f n : X —>■ E such that f n {x) = r n (x) if x G E n , and f n (x) = x* if 
x G F n . It is easy to verify that the sequence (f n )%Li is pointwise convergent 
on X and lim f n (X) C E. Let r(x) = lim f n (x) for all x G X. Then 

n—>-oo n —>-00 

r(x) = lim r n {x) = x for all x G E. □ 
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Proposition 4.6. The perfect cone A p (X) over a countable regular space X is 
an absolute Bi-retract. 

Proof. We first note that A P (X) is perfectly normal by Theorem l3.3l (l3l). Assume 
that A p (A) is a Ga-subset of a perfectly normal space Z. Then A P (X) is a 
weak Bi-retract of Z by Proposition 14.21 Moreover, A P (X) is a contractible 
-Fer-subspace of Z. Hence, Theorem 14.51 implies that A p (X) is a Bi-retract 
of Z. □ 

Let us observe that any i?i-retract of a space with a regular Ga-diagonal 
is a Ga-subset of this space JS] Proposition 2.2]. But it is not valid for weak 
Bi -retracts as the following example shows. 

Example 4.7. Let Q be the set of all rational numbers and X = Q fl [0,1]. 
Then A P (X) is a weak B\-retract o/R 2 , but is not a B\-retract of R 2 . 

Proof. Indeed, A p (A) is a weak Hi-retract of R 2 by Proposition 14.21 Since 
A P (X) is not a Ga-set in R 2 , A P (X) is not a Hi-retract. □ 

Theorem 4.8. Let X be a perfectly normal space, E be a contractible Gs- 
subspace of X, x* £ E and let ( E n :n£N) be a cover of E such that 

1. E n n E m = {a;*} for all n ^ m; 

2. E n is a relatively ambiguous set in E for every n; 

3. E n is a (weak) B\-retract of X for every n. 

Then E is a (weak) Bi-retract of X. 

Proof. From [BJ p. 359] it follows that for every n there exists an ambiguous set 
C n in X such that C n nE = -E„\{a;*}. Moreover, there exists a sequence (F n )^ =1 

OO 

of closed subsets of X such that X \ E = u F n . Let D n = C n U F n , n > 1. 

n= 1 

Now define Xi = D\ and X n = D n \ ( (J Dk) if n > 2. Then (X n : n £ N) is a 

k<n 

partition of A' \ {a;*} by ambiguous sets X n and X n fl E = E n \ {a:*} for every 
n > 1. 

Suppose that E n is a weak I?i-retract of X for every n. Choose a sequence 
(r n m )m=i continuous mappings r n m : X —> E n such that lim r n m (x ) = x 

m—> oo ’ 

for all x € E n . Since X n is F a in A, for every n there is an increasing sequence 

OO 

(B nim )m =i °f closed subsets B ntTn of X such that X n = (J H„ j7n . Let A n ^ m = 

m =1 

0 if n > m, and A„ j7 „ = B n m if n < m. Then Lemma 14.41 implies that for every 
m G N there is a continuous mapping r m : X —> E such that r m |^4 n = r n ^ m 
and r m ( x*) = x*. 

We will show that lim r m (x) = x on E. Fix x € E. If x = x* then 

m—> oo 

r m (x) = x for all m. If x ^ x* then there is a unique n such that x £ E n . 
Since (d„ ;m )” =1 increases, there exists a number mo such that x £ A ntm for 


all m > ?77o• Hence, lim r m (x) = lim r nm (x) = x. Therefore, E is a weak 

m—too m—too 

B i-retract of X. 

If E n is a I?i-retract of X for every n, we apply similar arguments. □ 


5 Cones over ambiguous sets 

Theorem 5.1. Let A p (X) be the perfect cone over a metrizable locally arcwise 
connected space X, Z be a normal space and let h : A p (X) —> Z be an embedding 
such that h(A p (X)) is an ambiguous set in Z. If 

a) X is separable, or 

b) A P (X) is collectionwise normal, 
then h(A p (X)) is a Bi-retract of Z. 

Proof. We notice that h(A p (X)) is metrizable, arcwise connected and locally 
arcwise connected according to Theorem 13.31 Then the set h(A p (X)) is a B\- 
retract of Z by Theorem ll.il □ 

By B e (x o) we denote an open ball in a metric space X with center at xq £ X 
and with radius e. 

Theorem 5.2. Let A P (X) be the perfect cone over a zero-dimensional metriz¬ 
able separable space X, Z be a normal space and let h : A P (X) —Z be such a 
homeomorphic embedding that h(A p (X)) is a closed set in Z. Then h(A p (X)) 
is a weak Bi-retract of Z. 

Proof. Without loss of generality we may assume that A P (X) is a closed sub¬ 
space of a normal space Z. Consider a metric d on X which generates its topo¬ 
logical structure and (X, d) is a completely bounded space. For every 77 £ N 
there exists a finite set A n C X such that the family B„ = (B±(a) : a £ A n ) is 
a cover of X. Since X is strongly zero-dimensional [2] Theorem 6.2.7], for every 
n there exists a finite cover U n = (Ui, n : i £ /„) of X by disjoint clopen sets 
Ui t n which refines B n . Take an arbitrary ay. n £ Ui <n for every 77 £ N and i £ I n . 
For all x £ X and 77 £ N define 


— 3'i,m 

if x £ Ui <n for some i £ I n . Then every mapping /„ : X —> X is continuous and 
lim f n (x) = x for all x £ X. 

n—>oo 

Fix 77 £ N. For all y £ A p (X) we set 

C n = f Hfn(a(y)), P(y)), if y ¥=v, 

[ v , if y = v. 

We prove that g n : A P (X) —> A P (X) is continuous at y = v. Indeed, let (y m )m=i 
be a sequence of points y m £ Y such that y m —>• v. Assume that y m ^ v for all 
m. Show that g n {ym) —> v. Fix e > 0. Since /J(y m ) —>• 0, there is a number too 
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such that /3(y m ) < £ for all m > m 0 . Then g n (y m ) = A(/ n (a(y m )),/8(j/ ro )) £ 
X(X x [0,e)) for all m > mo- Hence, g n is continuous at v. 

Note that g n (A P (X)) C K n , where K n = (J vxi <n . Since K n is a compact 

i£ln 

absolute retract by Corollary 13.51 K n is an absolute extensor. Taking into 
account that A p (X) is closed in Z, we have that there exists a continuous 
extension r n : Z —»• K n of g n . 

It remains to show that lim r n (y) = y for all y £ A P (X). Fix y £ A P (X). 

n—too 

If y = v then r n (y) = g n (y) = v for all n > 1. Let y ^ v. Since lim f n (ot(y)) = 

n—>oo 

a(y) and A is continuous, 

lim r n (y) = lim X(f n (a(y)), /%)) = A (a{y),0{y)) = y. 

n—>oo n—too 

Hence, A p (X) is a weak Si-retract of Z. □ 

Theorem 5.3. The perfect cone A p (X) over a cr-compact zero-dimensional 
metrizable space X is an absolute Bi-retract. 

Proof. Assume that A p (X) is a G^-subspace of a perfectly normal space Z. 
Since X is cr-compact, there exists an increasing sequence {F n )ff =l of com- 

OO 

pact subsets of Z such that X = (J F n . Since for every n £ N the set F n+ i\F n 

n= 1 

is open in the zero-dimensional metrizable separable space F n + 1, there exists a 
partition (B n . m : m £ N) of F n +1 \ F n by relatively clopen sets B n ^ m in F n +\. 
Let N 2 = (nfc,TOfc : k £ N), H 0 = F\ and let Hk = B nktmk for every k £ N. 
Then the family (Hk : k = 0,1,...) is a partition of X by compact sets Hk- 
Fix k £ N. Let Ek — A p (Hk) be the perfect cone over zero-dimensional 
metrizable separable space Hk- Then Ek is a closed subset of Z. Therefore, Ek 
is a weak F^-retract of Z by Theorem 15.21 

OO 

Since A P (X) = (J Ek, Theorem l4.8l implies that A p (X) is a weak i?i-retract 
fc=l 

of Z. It remains to apply Theorem 14.51 □ 

Theorem 5.4. The perfect cone A p (X) over a cr-compact space X Cl is an 
absolute Bi-retract. 

Proof. Suppose that A p (X) is a G^-subspace of a perfectly normal space Z. 
Since A P (X) is cr-compact, A P (X) is F a in Z. 

Let G = intaX, F = X \ G, A = A P (G) and B = A P (F). Since G and 
F are cr-compact sets, A and B are cr-compact sets too. Hence, A and B are 
ambiguous subsets of A P (X). Consequently, A and B are ambiguous in Z. Since 
G is metrizable locally arcwise connected separable space, A is a Si-retract of 
Z by Theorem 15.II Since F is zero-dimensional metrizable cr-compact space, B 
is a I?i-retract of Z according to Theorem 15.31 Theorem 14.81 implies that the 
set A p (X) = A U B is a Hi-retract of Z. □ 

Note that the condition of cr-compactness of X in Theorems 15.21 and 15.31 is 
essential (see Example 16.41) . 
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6 The weak local connectedness point set of B\- 
retracts 

Let (Y,d) be a metric space. A sequence (f n )%Li of mappings /„ : X —>• Y is 
uniformly convergent to a mapping f at a point xq of X if for any £ > 0 there 
exists a neighborhood U of Xo and N £ N such that 

d(fn(x)J(x)) < £ 

for all x £ U and n > N. We observe that if every f n is continuous at xo and 
the sequence (f n )^— 1 converges uniformly to / at Xo, then / is continuous at 
x 0 . 

By R((f n )^_ 1 , /, X) we denote the set of all points of uniform convergence 
of the sequence (f n )%Li to the mapping /. 

The closure of a set A in a subspace ill of a topological space X we denote 
by A . 

A space X is weakly locally connected at xo € X if every open neighborhood 
of xo contains a connected (not necessarily open) neighborhood of xq. The set 
of all points of weak local connectedness of X we will denote by WLC(X). 

Theorem 6.1. Let X be a locally connected space, ( E,d ) be a metric subspace 
of X and let r : X —> E be a Bi-retraction which is a pointwise limit of a 
sequence of continuous mappings r n : X —> E. Then 

R((r n )%L 1 ,r,X)nEC WLC{E). 

Proof. Fix xo £ R((r„)^L 1 ,r,X) fl E and e > 0. Set W = B e ( xo). Choose a 
neighborhood U\ of xo in X and a number n o such that 

£ 

d{r n (x),r(x)) < - 

for all x £ Ui and n > no. Since r is continuous at Xq, there exists a neighbor¬ 
hood U 2 C X of xo such that 


£ 

d(r(x),r(x 0 )) < - 

for all x £ U 2. The locally connectedness of X implies that there is a connected 
neighborhood U of xo such that U C U\ D C/2■ Since lim r n (x 0) = Xo, there ex- 

n—>• 00 

ists a number n\ such that r n {x 0) £ UC\E for all n > n\. Let N = max{no, ri\} 
and 

F= [J r n(U) . 

n>N 

We show that F C W. Let x G U and n > N. Then 

£ £ £ 

d{r n {x),x 0 ) = d{r n (x),r(x 0 )) < d{r n {x),r{x)) + d{r(x), r(x 0 )) <4 + 4 = 9 - 
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Thus, r n (x) G B £ / 2 (xq). Then (J r n (U) C B c / 2 (xo)- Hence, 

n>N 


F C B e/2 (x 0 ) E CW. 

Moreover, r(t/) C F, provided lim rjsr+ n (x) = r(x) for every x £ U. Observe 

n—>o o 

that U 0 E = r(U 0 F) C r(/7). Therefore, 

SoG^nfiCFCW, 

which implies that F is a closed neighborhood of xo in F. 

It remains to prove that F is a connected set. To obtain a contradiction, 
assume that F = F\ U F 2 , where T\ and F 2 are nonempty disjoint closed subsets 
of F. Clearly, Ffld/O. 

Consider the case Fj n U ^ 0 for i = 1,2. The continuity of r n implies that 
r n {U) is a connected set for every n > 1. Since r n (U ) C F, r n {U) C Fi or 
r n {U) C F 2 for every n > N. Choose Xj G F, n t/ for * = 1,2. Taking into 
account that lim r n (xi) = Xi for i = 1,2, we choose a number k > N such that 

n—too 

r n (xi) £ Fi for all n > k and for * = 1,2. Then Vk(U) C F\ fl F 2 , which implies 
a contradiction. 

Now let Fifl/7 ^ 0 and F 2 nU = 0. Then U(IE C F\. Since r n (x o) G UHE, 
r n (x o) G Fi, consequently, r n (U) C Fi for all n > AT. Then F Q F\ = F\. 
Therefore, F 2 = 0, a contradiction. One can similarly prove that the case when 
Fi n U = 0 and F 2 C\U ^ 0 is impossible. 

Hence, the set F is connected and x 0 £ WLC(E). □ 

Note that we cannot replace the set fi((r n )%L 1 ,r,X) by the wider set C(r) 
of all points of continuity of the mapping r in Theorem 16.11 as the following 
example shows. 

Example 6.2. There exists an arcwise connected closed subspace E o/R 2 and 
a Bi-retraction r : R 2 —> E such that C(r) fl E % WLC(E). 

Proof. Let ao = (0; 0), a n = (i; 0) for n > 1 and X = {a n : n = 0,1,2,...}. 
Denote by va n the segment which connects the points v = (1; 0) and a n for every 

OO 

n = 0,1,.... Define E = (J va n . Then F is an arcwise connected compact 

71—0 

subspace of R 2 and WLC(E) = (E \ vao) U {u}. For all x £ R 2 write 

, , f x, if x £ F, 
r(:E) = {a 0 , if x?E. 

It is easy to see that r : R 2 —>• F is continuous at the point x = ao- We show 
that r G Fi(R 2 , F). Since X \ E is F a , choose an increasing sequence of closed 

OO 71 

subsets X n C R 2 such that R 2 \ F = (J X n . Let E n = (J va^, n > 1. For 

71=1 k —0 

every G N define A n = X n U E n . Then for every n the set A n is closed in 
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R 2 , A n C A n+ i and (J A n = R 2 . Clearly, the restriction t|a„ : A n —> E n is 

n =1 

continuous for every n. By the Tietze Extension Theorem there is a continuous 
extension f n : M 2 —> M 2 of r\A n for every n. Notice that for every n there 
exists a retraction a n : R 2 —>• E n . Let r n = a n o f n . Then r n : R 2 —» E n is a 
continuous mapping such that r n \A„ = r\A n for every n. 

It remains to show that lim r n (x) = r(x ) for all x £ R 2 . Indeed, fix x £ R 2 . 

n—> oo 

Then there is a number N such that x £ A n for all n > N. Then r„(x) = r(x ) 
for all n> N. Hence, r £ Hi(R 2 , E). □ 

Theorem 6.3. Let X be a locally connected Baire space and E be a metrizable 
Bi-retract of X. Then the set E \ WLC(E) is of the first category in X. 

If, moreover, X has a regular G 5 -diagonal and E is dense in X then WLC(E) 
is a dense Gs-subset of X. 

Proof. Let d be a metric on the set E which generates its topological structure. 
Consider a Bi-retraction r : X —>• E and choose a sequence (r n )^ =1 of continu¬ 
ous mappings r n : X —» E such that lim r n (x) = r{x) for all x £ E. Denote 

n—>oo 

R = -R((r , n)5iL 1 ,r,.X’). Then R Cl E C WLC(E) by Theorem 16.11 According 
to Osgood’s theorem [9], X \ R is an F CT -set of the first category in X. Hence, 
E \ WLC(E) is a set of the first category in X. 

Now assume that X has a regular Ga-diagonal and E = X. It follows from 
[5J Proposition 2.2] that E is Gs in X. Moreover, the set R is dense in X , since 
X is Baire. Then RC\E is dense in X. Hence, WLC(E) is dense in X. Observe 
that WLC(E) is a G^-subset of E by [7J p. 233]. Then WLC(E) is Gs in X. □ 

The following example gives the negative answer to Question 11.31 

Example 6.4. There exists an arcwise connected Gg-set EC. R 2 such that E 
is the perfect cone over zero-dimensional metrizable separable space IC1 and 
E is not a B\-retract of R 2 . 

Proof. Let I be the set of irrational numbers and A' = I 0 [0,1]. Define 
E = {( xt , t) : x £ X,t £ [0,1]}. 

Then E ~ A P (X). Moreover, E is an arcwise connected G^-subset of R 2 . 
Clearly, E = [0, l] 2 and WLC(E) = {i>}. Therefore, Theorem 16.31 implies that 
E is not a Hi-retract of [0, l] 2 . Consequently, E is not a Hi-retract of R 2 . □ 
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